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and Eqs. (15) is replaced by

velocity is reached, lift L and thus CL must vanish, in accor-
dance with Eq. (4). In this special case, Eq. (13) reduces to

(20)

(21)

(22)

(23)

which can be integrated to give

R=(W,-W,)/B0

Also,

E=R/Vr = ( W f - Wf)/Bn Vr
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Application to Vehicle Optimization
To study the effect of hypersonic Mach number on the

specific range, it is convenient to replace CDo and K as speci-
fied in Eq. (6). Then, for V2/gR0< 1

= a-2M~2 + + a0 + a^M + Y4M2 + a3M3 (24)

where the a are extensive algebraic expressions of the parame-
ters.

At orbital speed V2/gR0 = 1 and

R"1 = a!2

or

where

a{ = Y

Setting d(R? )/dM = 0 yields

o + a{M (25)

(26)

(27)

(28)

Equation (27) shows that the optimal Mach number to
achieve maximum range in orbit is Mmt the Mach number at
which the — W/T is a minimum.
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Optimum Structural Sizing
for Gust-Induced Response
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Introduction

THE use of mathematical nonlinear programming algo-
rithms has enjoyed considerable success in the automated

structural synthesis environment. A majority of research per-
taining to optimum structural design has focused primarily on
statically loaded structures, and more effort needs to be di-
rected at developing sizing capabilities for dynamic loads, in
particular, nondeterministic loads.1 The optimum sizing of
airfrace structures requires an analysis tool that accounts for
static and dynamic structural stability, deformations under
applied loads, and the interaction of structural deformations
and airloads.

The present work was directed toward establishing an opti-
mization capability for sizing wing structures that are sub-
jected to a combination of deterministic and random flight
loads. This included the implementation of efficient methods
for computing response sensitivity required by the optimiza-
tion algorithm. The random loads were treated as a stationary,
homogeneous process with a Gaussian distribution. A fre-
quency-domain analysis was selected for the solution of the
dynamic response problem, wherein the gust loads were repre-
spnted by a power spectral density spectrum of gust velocities.

For a structure subjected to nondeterministic loads, failure
can result either from a single exceedance of stress, or from
cumulative damage due to fatigue. For these failure modes,
Johnson2 formulates design constraints applicable only when
a single stress component is considered critical in the con-
straint definitions. Constraints for fatigue failure have also
been obtained from a fracture mechanics standpoint.3 If a
combination of the response quantities is involved, as in the
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von Mises failure criterion, the phase information necessary to
combine the response components is difficult to obtain. An
important contribution of this work is in the development and
implementation of sizing constraints based on an equal-proba-
bility-of-load-combination criterion.4

Structural Reliability Constraints
For a response s(t) that is stationary and has a Gaussian

distribution, an assumption that large values of s(t) arrive in-
dependently of one another, leads to a Poisson probability
function for the number of times that a large magnitude Ss is
exceeded in time t. If the occurrence of this large stress magni-
tude is not permitted in time Ls, the single excursion (SE) con-
straint can be written as follows:

(1)

Fatigue damage can be estimated on the basis of the
Palmgren-Miner theory and results in a fatigue constraint as
follows:

gF = 1 - Lf 2irasc
b+2

>0 (2)

where LF is the specified fatigue life, F is the gamma function,
and b and c are constants obtained from empirical relations
for different materials. In Eqs. (1) and (2), as and os are the
rms response and rms response rate, respectively.

In the preceding analysis, if s(t) were a function of two or
more response components, determination of the rms and rms
rate of s(t) becomes more difficult, particularly if it is a non-
linear function.1 If the rms quantities for the individual com-
ponents were to be obtained, and this is a relatively simple
task, their utility would be restricted by the lack of phase in-
formation necessary to combine them. Note that rms values
have only a magnitude but no direction associated with them.
An example of this is obtained if one considers a stress func-
tion that is a combination of the principal stresses a\ and a2.

S(t) = Vof + of^ 2(7i(72 (3)

In the absence of phase information necessary to combine the
stress components, a worst-case estimate of Eq. (3) is written
as follows:

S(t) + oi + 2(^(72 (4)

From the standpoint of obtaining lightweight structures, this
strategy is frequently undesirable, and a more meaningful ap-
proach is obtained if one uses an equal-probability-of-load-
combination criterion to combine the components. For two
response components x and y, we have the familiar bell-
shaped normalized probability density function. Constant val-
ues of probability density p(x,y) yield elliptical contours par-
allel to the x-y plane.

Here, a is a constant; pX9 p,y and ax, oy are the mean and rms
values of the response quantities, respectively, and pxy is the
correlation coefficient. These quantities define the geometry
and orientation of the ellipse. For a combination involving
three response components, an ellipsoid is obtained for the
constant probability surface.

Stauffer and Hoblitt5 obtain a finite number of load combi-
nations from the constant probability ellipse by circumscrib-

ing it with an octagon and using the eight vertices of the oc-
tagon as critical load combinations in the design process. This
technique loses value when a larger number of load combina-
tions for which the constraints are evaluated.

Problem Statement
A mathematical statement of the optimization problem can

be written as follows:

Minimize F(d)

subject to the inequality constraints

gj(d)<0, j=l,2,...m

and side constraints on the design variables,

(6)

(7)

(8)

Here, F(d) represents the structural weight; gj(d) are failure
constraints obtained from the single exceedance or fatigue
failure criterion; and d\ and df are the lower and upper
bounds on the structural member dimensions dh respectively.
The large number of inequality constraints obtained in the
process of discretizing the constant probability surface were
represented by a single cumulative constraint function as
follows:

G = - gmax)] } (9)

Here, gmax is the most critical constraint of the set g/. A feasi-
ble usable search direction approach was used to obtain a solu-
tion of the preceding constrained optimization problem.

Optimization System
The optimization system developed in the present task was

a modular collection of analysis and optimization programs
coupled by pre- and postprocessors. The system consists of a
finite-element program called EAL (Engineering Analysis
Language), a nonlinear programming-based optimization pro-
gram ADS (Automated Design Synthesis), and a system of
aeroelastic response analysis programs ISAC (Interaction of
Structure with Unsteady Aerodynamics and Control). The
EAL program was used to obtain the mode shapes, eigenval-
ues, generalized masses, stress, displacement, and acceleration
coefficients. It was also used to generate the gradients of the
eigenvalues and eigenmodes by both the finite-difference and
semi-analytical methods.6

The ISAC system of routines was employed to compute the
aeroelastic response of the flight vehicle. The structural eigen-
modes obtained in EAL were related to the deflections and
slopes on the aerodynamic boxes by a two-dimensional spline
interpolation technique. These deflections and slopes were
used in a doublet lattice program to compute the generalized
aerodynamic forces for a range of reduced frequencies. These
matrices, along with the generalized mass and stiffness, and a
selected gust spectrum, were processed to obtain the rms val-
ues of the aeroelastic response parameters. In addition, the
correlation coefficients between various response components
that were needed in the equal-probability-of-load-combina-
tion formulation of the design constraints were also obtained.

Numerical Examples
A built-up finite-element model of an aluminum wing struc-

ture (Fig. 1) was developed as a test problem for the program
implementation. The structure was initialized for l-g cruise
loads, and these dimensions were established as lower bounds
for the gust design. The first six elastic modes were chosen to
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Fig. 1 Objective function convergence histories for both conserative
worst-case strategy (CWC) and method, using the equal probability
criterion (EQP).
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represent the structural deformation for the cantilevered wing.
Addition of rigid-body modes in plunge and pitch presents no
additional difficulty. A 2.54 m/s (typical of storm conditions)
intensity, Dry den gust spectrum, was selected for the input
load.

In the first example, cross-sectional areas of bar elements
were selected as the design varibles. An allowable stress of
1761.4 kg/cm2 and values of Lsw = LF = 17,250 h were used
in the optimum design process. The first bending mode domi-
nated the stress distribution as evidenced by a concentration of
material at the root, and the first excursion constraint was
active at the optimum. Both finite-difference and semi-analyt-
ical gradient computations were used with essentially similar
results.

A second set of numerical results reported here pertains
to the implementation and verification of constraints based
on an equal-probability-of-load-combination criterion. This
problem involved a combination of deterministic static loads
and gust-induced random loads. The thickness of six sets of
panel members was altered during redesign. Ap(x,y) value o£
0.99 was selected for the equal probability criterion. An allow-
able stress magnitude of 2465.9 kg/cm2 was specified, and a
total of 40 load combinations were chosen to represent the
ellipse of equal probability. Optimum designs were obtained
on the basis of a worst-case estimate of the stress function
given by Eq. (4) and the use of Eq. (3) with values of GI and
02 obtained from an equal probability criterion. As shown in
Fig. 1, the final optimum weight of the equal-probability-
of-load-combination method was 8% less than that obtained
from a conservative worst-case strategy. Additional results
and a detailed description of the model are presented in
Ref. 6.

Concluding Remarks
The principal goal of this study was to develop an optimiza-

tion capability to design airframe structures for random gust
loads in addition to static or dynamic deterministic loads. The
combination of optimization algorithms with analysis tools
such as EAL and IS AC makes available a tool for stress, dis-
placement, frequency, flutter, and gust-response-constrained
optimization. Furthermore, implementation of semi-analyti-
cal gradient calculations provides added computational effi-
ciency to the programming system. This system also provides
a natural test bed for continuing studies in a multilevel decom-
position approach for aeroservoelastic synthesis. The use of
an equal-probability-of-load-combination criterion for struc-
tural reliability constraints has also been demonstrated for
representative structural models.
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Introduction

THE so-called wing C was designed by NASA and the
Lockheed-Georgia Company as one in a series for which

it was intended to provide reliable experimental data for the
purpose of comparisons with computational efforts. The full
potential in viscid transonic wing code FL022, in combination
with an optimization routine, was used to configure the wing
for highly three-dimensional flow by selecting a large sweep
angle and a low aspect ratio combined with supercritical sec-
tions and considerable twist. It was intended that the flow re-
main attached at a design Mach number of 0.85 and lift coeffi-
cient of 0.5, which corresponds to a 5 deg of angle of attack.
The desired pressure distribution was specified at two span-
wise locations and the wing was constructed by linear develop-
ment between the root and tip.

The purpose of this Note is to present results obtained from
interactive solutions of inviscid and boundary-layer equations
and to compare them with experimental values. Calculated
results were obtained with an Euler code and a transonic
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